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Abstract 
SEepin (1974) and Izydorek and Jaworowski (1995, 1996) showed that for each k and 7~ such 
that 2k > n there exists a contractible k-dimensional simplicial complex Y and a continuous map 
cp : $” -+ Y without the antipodal coincidence property, i.e., q(z) # p( -XT) for all z E 9”. On 
the other hand, if 2k < n then every map cp : S” + Y to a k-dimensional simplicial complex 
has an antipodal coincidence point. In this paper it is shown that, with some minor modifications, 
these results remain valid when S” and the antipodal map are replaced by any normal space and 
an involution with color number n + 2. 0 1998 Elsevier Science B.V. 
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1. Introduction 
Investigating the role of the codomain in the classical Borsuk-Ulam Theorem, 
SEepin 171 and Izydorek and Jaworowski [5] showed that for each k and n with 2k > n 
there exists a contractible k-dimensional simplicial complex Y and a continuous map 
cp: Sn --f Y with no antipodal coincidence, i.e., cp(z) # cp(-z) for all z in S”. The 
complementary result was established by Izydorek and Jaworowski [5,6]. For each k 
and n with 2k < n every map cp : Sjn -+ Y of S” to a &dimensional complex Y has 
antipodal coincidence; there is a point z in S” such that cp(z) = cp( -z). 
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In this paper we investigate the role of the domain. We show that with slight modifi- 
cations the above results remain valid when Z?’ and the antipodal map are replaced by 
any normal space and an involution of color number n + 2 (the definition of the color 
number is given below). The antipodal map of S” will be denoted by L,. 
Let f : X + X be a fixed-point free map. We say that f can be colored with m colors 
if there is a closed cover C = { Ci , . . . , Cm} such that no Cj contains a pair (2, f(x)} 
or, equivalently, Cj II f(Cj) = 0 for each j = 1, . . . , m. The elements of C are called 
colors and we shall say that C is a coloring of f. If f : X + X has a coloring the color 
number c(f) of f is the smallest number m such that f has a coloring with m colors. 
If f has no coloring we write c(f) = oo. For every fixed-point free homeomorphism f of 
an n-dimensional metrizable space Y one has c(f) < n + 3 [2, Theorem 31; if moreover 
the homeomorphism f is an involution (i.e., f2 = idy) then c(f) 6 n + 2 [2, Theorem 
21. In particular c(L,) 6 n + 2. Actually c(L~) = n + 2 by the theorem of Lustemik and 
Schnirelmann [2,3]. 
Let f : X + X be a map. We say that the map g : X --t Y has f-coincidence if 
s(f(z)) = 4x1 f or some a~ E X. Our main result relates the color number of an 
involution i to the i-coincidence of maps into complexes. 
To state the main result we need one more definition. Let K be a simplicial complex 
and t a point not in K. The cone tK over the complex K with top t is the simplicial 
complex whose simplices are t, the simplices g from K and the simplices of the form ta, 
CT E K. A simplicial complex Y is called a cone-complex if there are t and K such that 
Y = tK. 
Here is our main result. 
Theorem 1. Let i : X + X be a jixed-point free involution of a normal space X with 
color number n $2 and let k be a natural number Then the following holds, 
(1) If 2k > n, then there exists a k-dimensional cone-complex Y and a continuous 
map cp : X --) Y with no i-coincidence. 
(2) If 2k < n, then for every k-dimensional cone-complex Y and every continuous 
map ‘p : X -+ Y there is an i-coincidence. 
In the next section we shall discuss the cases 2k > n and 2k < n. In the last section 
the case 2k = n is discussed. 
2. Semi-conjugation and coloring 
The main tool employed in this section is the notion of semi-conjugation. Suppose 
that f : X + X and g : Y -+ Y are continuous maps. A continuous map 11, : X + Y is 
called a semi-conjugation of (X, f) to (Y, g) if II, 0 f = g 0 $. 
Proposition 2. Suppose that 7c, is a semi-conjugation of (X, f) to (Y, g). Then c(f) 6 
c(g). 
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Proof. We may assume that c(g) < 00. Suppose that C = {Cl, . . , Cm} is a coloring 
of g. It is easily verified that {$-‘(Cl), . : @-‘(Cm)} is a coloring of f. 0 
Each involution with a finite color number has a semi-conjugation to the antipodal 
map of some sphere. That is the content of the next theorem. 
Theorem 3. Let X be a normal space and suppose that i : X --f X is an involution with 
c(i) < n + 2. Then there is a semi-conjugation of (X, i) to (P: Lo). 
Proof. Let C = {Cl,..., Cn+2} be a coloring of i. By the continuity of i there is an 
open collection U = { Ui , . . , Un+2} suchthatC,cU,andUjni(U~)=Bforeachj. 
Foreachj E {l~...,n+l}let&:X 4 [0, l] be a Urysohn map such that tif(Cj) = 1 
andGj(X\U,)=O.Forj=l,...,n+llet 
!&(z) = $J (z) - $‘j (i(z)), n: E x. 
Define @:X ---f EP+’ by Q(z) = (PI(Z), . ,pn+l (cc)). Obviously @ is continuous. 
Note that @(i(z)) = -Q(z). We prove that e(z) # 0 E IRn+’ for every z E X. First 
assume 2 E Cl for some I E {l,... ,n + I}. As Vl n i(Ul) = 0, r/~(x) = 1 and 
$l(i(z)) = O, h w ence ‘pl (z) = 1. Consequently, G(z) # 0. Now assume 2 $z? Cl for 
every 1 E { 1,. . , n + l}. As C is a cover of X, z E C,+z. As C is a coloring of i, 
i(z) E Cl for some 1 E {l,...: n + 1). Then in a similar way we get (pl(5) = -1, 
whence @p(z) # 0. Let rr denote the projection of IR?’ \ { 0 } onto Sn, r(z) = x/Ix]. It 
is easily verified that rr o Q, is a semi-conjugation of (X, i) to (S”, Lo). 0 
There is the following corollary. 
Corollary 4. Let i :X -+ X be an involution of a normal space X with color number 
n + 2 and let k be a natural number: If 2k > n, then there exists a k-dimensional 
cone-complex Y and a continuous map cp : X -+ Y with no i-coincidence. 
Proof. By Theorem 3 there is a semi-conjugation 9 of (X, i) to (9, c,). In [5J (see 
also [I]) a k-dimensional complex Y and a continuous map cp :X ---t Y are constructed 
such that cp has no L,-coincidence, p(x) # cp(-z) for all 5. The complex Y which is 
constructed in [5] is a cone-complex. As 
@(~(4)> = P(-@(xc,> # cp(%)) 3 
it follows that cp o Q has no i-coincidence. 0 
This completes the proof of the first part of Theorem 1. Now we discuss the case 
2k < n of the second part. 
Theorem 5. Let i : X 4 X be an involution of a normal space X with color number 
n + 2 and let k be a natural number If 2k < n, then for every k-dimensional metrizable 
space Y and every continuous map y : X ---f Y there is an i-coincidence. 
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Proof. Let i : X + X be an involution with color number n + 2. The proof is by way 
of contradiction. Suppose ‘p is a continuous map of X to some k-dimensional space Y 
with no i-coincidence. Let 
Y’ = Y x Y \ {(y, y): y E Y}. 
Define (T : Y* + Y* by ~(y, z) = (z, y) and @:X -+ Y* by G(z) = (p(x), cp(i(z))). 
As cp has no i-coincidence, the map @ is well-defined. It is easily verified that @ is a 
semi-conjugation of (X, i) to (Y * , cr). Note that dim Y x Y < 2k, whence dim Y * 6 2k, 
[4, Chapter 21. By [2, Theorem 21 we have c(g) < 2k + 2. By Proposition 2 it follows 
that c(i) 6 2k + 2 < n + 2, a contradiction. 0 
With the exception of the case 2k = n the proof of Theorem 1 has been completed. 
The exceptional case is discussed in the next section. 
3. Reducing the color number 
In this section the proof of Theorem 1 is completed by proving the following result. 
Theorem 6. Let i : X + X be an involution of a normal space X with color number 
n + 2 and let k be a natural number: If 2k = n, then for every k-dimensional cone- 
complex Y and every continuous map cp : X --+ Y there is an i-coincidence. 
One may ask whether the condition that Y is a cone-complex is necessary. Consider 
the following example. Let r~ be the complete 5graph (that is the l-skeleton of the 
4-simplex). Define 
The involution 0 of r* is defined by ~(5, y) = (y, z). 
From the results in [8] it follows that C(U) = 4. Although the complex rs is 
l-dimensional, yet the natural projection of r; to r, has no a-coincidence. This ex- 
ample shows that in Theorem 6 “cone-complex” cannot be replaced by “complex”. It is 
an open question whether the theorem holds for contractible complexes Y. 
The following is a preparation for the proof of Theorem 6. Let Y be a k-dimensional 
cone-complex, Y = tK. Note that dim K = k - 1. We can think of Y as a quotient of 
K x [0, l] in which K x { 1) is identified to one point t. In this way we obtain coordinates 
for Y; a point in Y is represented by (a, u), a E K, u E [0, 11. Except for the top t 
of Y this representation is unique. The top is represented by (a, l), where a is any point 
of K. Let 
Y* = Y x Y \ {(y,y): y E Y}. 
Define G : Y* + Y’ by ~(z, y) = (y, z) or, using coordinates, by 
a(a,u,b,v)=(b,v,a,u), a,bEY, u,vE[O,l] 







Fig. 1. The retraction T : Z + W. 
As in the proof of Theorem 5 we get c(c) < 2/c + 2. We shall show that this color 
number can be reduced by one. After this has been done the proof of the theorem can 
be completed in the same way as the proof of Theorem 5. 
Lemma 7. c(u) < 2k + 1. 
Proof. Let 2 = [0, l] x [0, l]\{ (1,l)). The map s : 2 -+ 2 is defined by ~(21, V) = (.II, u). 
The projection rr : Y” + 2 is defined by rr(a, u, b, u) = (u, w). Note that rr is a semi- 
conjugation of (Y * , c) to (2, s). The subset W of 2 is defined by 
W = [0,2/3] x { 1) U [2/3, l] x { 2/3 } U { 1) x [0,2/3] U { 2/3 } x [2/3,1]. 
In Fig. 1 we have indicated how a retraction r : 2 + W is defined which commutes 
with s. 
In the right upper comer the retraction T is the central projection to W with center of 
projection (1, 1). In the lower part the retraction r is the projection to W parallel to the 
diagonal of 2. Note that 
r([O,l) x (11) c ]0,2/31 x (1) and t-((l) x [O,l)) c { 1) x [0.2/3]. 
Observe also that the preimage of the diagonal under the retraction r is the diagonal. 
Using the retraction r we define a retraction p : Y’ ---f T-I (W) by 
p(a, u, b, u) = (a, u’, b, v’), where (u’, .u’) = T(U, 11). 
From the observations about T it follows that p is well-defined and continuous. The 
restriction of 0 to niT- ‘(W) is denoted by 0’. As is easily seen, the map p is a semi- 
conjugation of (Y * , v) to (K’ (W), a’). Using the Sum Theorem of dimension theory [4, 
Chapter l] one can compute dim K’ (W) = 2k - 1. By [2, Theorem 21 ~(a’) 6 2k + 1. 
By Proposition 2 it follows that c(g) < 2k + 1. 0 
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